Abstract: The operators K n are generators of reparameterization symmetries of Witten's cubic open string field theory. One pertinent question is whether they can be utilised to generate deformations of the tachyon vacuum and thereby violate its uniqueness. We use level truncation to show that these transformations on the vacuum are in fact pure gauge transformations to a very high accuracy, thus giving new evidence for the uniqueness of the perturbatively stable vacuum.
Introduction
In the last two years, there has been a huge amount of work done to understand tachyon condensation by using Witten's cubic open bosonic string field theory [1] . The fate of a space-filling D25-brane in the open bosonic string theory is described by Sen's three conjectures ( [2] , [3] ). The first proposes that the difference in energy of the tachyon between the perturbative vacuum and the perturbatively stable vacuum exactly cancels the tension of the D-brane. The second asserts that after the tachyon condenses, all open string degrees of freedom disappear, leaving us with the closed string vacuum. The last conjecture states that non-trivial field configurations correspond to lower-dimensional D-branes.
The first and third conjectures have been shown to be true to a very high level of accuracy ([4] - [21] ); they have also been proven analytically in Boundary String Field Theory ( [22] - [28] ).
The second conjecture however, is by now the most puzzling. Roughly, it can be regarded at three different levels of stringency. A weak statement is that all perturbative conventional open string excitations disappear from the perturbatively stable vacuum. There has been several works testing this statement from various approaches: one could show that some flat directions are removed, as was done in [35, 36] , or that the kinetic terms of the string field fluctuations are absent as in [37] , or by the usage of toy models in field theory ( [29] , [30] , [31] , [32] , [33] , [34] ) as well as the boundary state formalism ( [38, 40] ).
A slightly stronger statement is that not only the conventional perturbative open string excitations disappear, but more precisely the full cohomology of the new BRST operator around the tachyon vacuum vanishes. As usual, the cohomology could include discrete states in addition to conventional excitations. In [41, 42] , Rastelli, Sen and Zwiebach have proposed that after a field redefinition, the new BRST operator may be taken to be simply c 0 , or more generally a linear combination of operators of the form (c n + (−) n c −n ). The cohomology of such operators is manifestly trivial, and thus these authors are proposing this more stringent form of the second conjecture.
Using this simple BRST operator on the vacuum, they were able to find solutions corresponding to the D-25 brane and lower dimensional D-branes.
Finally, a third level of understanding the second conjecture is that the perturbatively stable vacuum should correspond precisely to the closed string vacuum. A possible interpretation of this statement is that we should be able to isolate closed string excitations. Indeed, it is well-known that closed string perturbative amplitudes can be in principle isolated from cubic open string field theory diagrams. Thus closed string physics is there, though in a rather unmanageable form. It may be that closed string states appear more manifestly around the tachyon vacuum. If this is the case, perhaps one could obtain a description which differs from the explicit one provided by closed string field theory [43] . For recent discussions of closed strings in the tachyon vacuum see [44, 38] .
A full understanding of Sen's conjectures, especially the second, would probably require the knowledge of the analytic solution for the perturbatively stable vacuum in cubic Open String Field Theory (OSFT), which is not yet known. However, we can still make progress by using various methods; in particular we will use the level truncation scheme to show that certain deformations from the perturbatively stable vacuum belong to the trivial cohomology of the BRST operator Q Ψ 0 governing the spectrum of the string field theory around the tachyon vacuum. This provides evidence for the second level of the second conjecture, viz., the disappearance of discrete excitations.
Our idea is the following. It is well known that the cubic OSFT has a reparameterization symmetry generated by operators ( [45] , [46] , [47] , [48] ):
Hence if Ψ is a solution of the equation of motion, i.e., Q B Ψ + Ψ ⋆ Ψ = 0, so is e ǫKn Ψ; this follows immediately from properties (2.2-2.3) of K n which we will list in the next section. In other words, we can generate new solutions by acting e ǫKn on a known solution, and in particular, the perturbatively stable vacuum Ψ 0 of OSFT (which we will always assume to lie in the Feynman-Siegel gauge).
A problem subsequently arises. From the physics point of view, we expect the tachyon vacuum solution to be unique, i.e., there should be no moduli space of the tachyon vacuum solution. On the other hand we seem to be able to deform Ψ 0 by e ǫKn with arbitrary parameters ǫ and n.
In order that this seeming paradox may be consistent with physical intuition, there are two possibilities. Firstly it may be that K n Ψ 0 = 0 for all n, which would imply that e ǫKn Ψ 0 = Ψ 0 and that no new tachyon vacuum solutions are generated. At face value, this possibility is very unlikely to be true because the action of K n takes a solution in the Siegel gauge out of it, and a miraculous cancellation would be needed. In fact, we have verified that the K n 's do not annihilate the tachyon condensate. This leaves us with another choice, i.e., though ǫK n Ψ 0 may not vanish, it could be a pure gauge transformation for any n and ǫ.
The purpose of this note is to show that it is indeed the case that K n Ψ 0 is a pure gauge transformation. Our result can be summarized as follows. First by using a recursive relation obtained from the algebra of the K n 's, we show that it is enough to demonstrate that if the action of K 1 and K 2 on the tachyon vacuum Ψ 0 are pure gauge transformations, so too are K n for all n. Then we use the level truncation scheme to calculate K 1 Ψ 0 and K 2 Ψ 0 up to levels 5 and 4 respectively. We then show that they are indeed pure gauge transformations to an excellent accuracy of 1.5% for K 1 (resp. 1.6% for K 2 ).
The statement that K n Ψ 0 is a pure gauge transformation for any n is equivalent to the assertion that the discrete zero momentum state K n Ψ 0 is Q Ψ 0 exact. That is, these discrete BRST-closed states are actually BRST-trivial. In a very nice recent work, Ellwood and Taylor [50] have addressed the triviality of the cohomology classes associated to continuous non-zero momentum deformations of the tachyon vacuum. More precisely, they discuss the scalar excitations at even levels and show that if they are Q Ψ 0 closed, they are Q Ψ 0 exact also to very high accuracy, thus giving the first convincing evidence for the disappearance of (a subset) of the conventional open string excitations.
Our results, by focusing on discrete cohomology, complement their work. Therefore, our works jointly support, from different view-points, the triviality of the cohomology and hence the validity of Sen's second conjecture.
The outline of the paper is as follows. In Section 2 we review the key properties of the K n operators and show that it suffices to consider only K 1,2 . Level truncation was subsequently applied in Section 3 for 
The K n Symmetry of Cubic String Field Theory
It is a well known fact that the subalgebra 2 of the Virasoro algebra generated by the following operators
is a symmetry of Witten's Cubic String Field Theory ( [45, 41] ). Because K −n = (−1) n+1 K n we need only consider the cases of n ≥ 1. These operators have the following properties: Kn on the vacuum. For these two ideas to be consistent, we must propose that the action of K n on the tachyon vacuum Ψ 0 should be a pure gauge transformation, i.e.,
It is the checking of the conjecture (2.5) with which this present paper is concerned. We remark in passing that there seems to be the possibility that K n |Ψ 0 = 0. However this is highly unlikely because though Ψ 0 is in the Feynman-Siegel gauge, the K n action does not preserve this gauge.
Indeed we have verified at low levels that this triviality does not seem to be the case so that we need to return to address (2.5).
First we check the consistency of the conjecture. Because we have Q Ψ 0 Q Ψ 0 = 0 on the right hand side of (2.5) due to nilpotency, so too must we get zero when we act Q Ψ 0 on the left. This is indeed so:
where in the second step we have used [K n , Q B ] = 0 (2.2) and in the last step, the equation of motion (the expression in the braces) of Ψ 0 . Notice that this check requires no usage of any special properties of the tachyon vacuum, so for any solution of the equation of motion Q B Ψ + Ψ ⋆ Ψ = 0, we always have K n Ψ being Q Ψ closed. Our conjecture is the statement that when Ψ = Ψ 0 is the tachyon vacuum, K n Ψ 0 is not only closed, but also exact, whence BRST-cohomology trivial. To show this is true is our work.
Naively it seems to be difficult to check that all the K n actions are mere pure gauge transformations because there are an infinite number of them. However, we can show that it suffices to check for K 1 and K 2 , then by iteration n ≥ 3 follows. This can be done in two steps. Firstly we recall that the K n 's form an algebra:
Secondly we can show that if for some n and m,
and hence pure gauge, wherẽ
Combining (2.6), (2.7) and (2.8), we see instantly that if the conjecture is true for K 1 and K 2 , then by iteration, we would have the result for all K n≥3 .
The Exactness of K
In this section, we check that K 2 Ψ 0 is a pure gauge transformation, which would imply that K 2 Ψ 0 is BRST-exact. First we do the calculation at level two, which is very simple. We use this example to demonstrate our method, then we go further to level four. For the details, the reader is referred to the Appendix.
Before proceeding, let us make some general remarks which is explained further in the Appendix.
The tachyon solution Ψ 0 of [7] has only even level components. So if the gauge parameter Λ is in an even (resp. odd) level, Ψ 0 ⋆ Λ − Λ ⋆ Ψ 0 will contain only even (resp. odd) levels as well; this is shown in (A.1). Furthermore, since Q B does not change the level and K 2 increases or decreases the level by two, to see whether K 2 on Ψ 0 is a pure gauge, we can restrict the gauge parameters to be in even levels only. Likewise, for K 1 , because it increases or decreases the level by one, K 1 Ψ 0 must have only odd levels. Therefore, in this case we can restrict all gauge parameters to be in odd levels only. In particular we will focus on levels 2, 4 for K 2 and 3, 5 for K 1 .
Fitting at Level 2
Up to level two, there are four components for the string field:
where the η's are numerical coefficients and L m −n are matter Virasoro operators. Furthermore, |Ω = c 1 |0 and |0 is the SL(2, R) invariant vacuum 3 . For simplicity, we denote the basis of the fields as a row vector with four components so that
To this convention of notation of fields we shall adhere.
The numerical values for these coefficients have been computed to great precision in the Feynman-Siegel gauge [7] . At level (2, 6) (here we use their convention that (L, I) refers to truncating fields up to level L and interactions up to level I; also we shall use their normalization), the vacuum field (3.1) is
Up to level two, for the gauge parameter |Λ of ghost number 0, there is only one numerical parameter µ 2,1 :
and the gauge transformation of (3.1) up to level two is already given in [49] as
which we have confirmed term by term.
On the other hand, we remind the reader that
where
is the ghost Virasoro operator with : : being the creation-annihilation normal ordering. Recalling (3.1), we have
We are now ready to check our proposal (2.5) up to level 2 accuracy, i.e., can one tune the parameter µ 2,1 , so that
would hold?
The left hand side of (3.6) is obtained by substituting the numerical results of (3.2) into (3.5):
The right hand side of (3.6) is obtained via substitution of (3.2) into (3.4):
Now we have 2 (Euclidean) vectors (K 2 |Ψ 0 ) i and (δ |Ψ 0 ) i of equal length which we wish to be as close as possible if (2.5) were to hold. We subsequently choose the parameter µ 2,1 by performing a least-squares fit on these two vectors by minimizing the Euclidean distance between the two.
To this procedure we shall refer as "best fit." At the present level we arrive at
Putting this value into δ |Ψ 0 we get δ |Ψ 0 = (0.10857, 1.2132, 0.75290, −0.41702) and whence
A good estimator for our results is the normalized quantity,
which we wish to be as close to 0 as possible. Using the above values, we have ǫ = 0.034294.
Therefore we conclude that up to level 2, our conjecture is accurate to 3.4%.
Fitting at Level 4
And thus we continue and to higher levels we shall go. Now we keep the string field solution up to level four and compare the two sides of K 2 |Ψ 0 and Q Ψ 0 Λ also up to level 4.
As we mentioned before, we can restrict the gauge parameters to be of even levels as well, thus we can write Λ as:
which has six numerical parameters.
Due to the overwhelming length of the gauge transformation and K 2 action on Ψ 0 to this level, we leave their presentation to the Appendix. Again in accordance with our convention, we can write the field into a vector with 14 components in the order
In this notation, the tachyon vacuum at level (4, 12) is given by Subsequently, we obtain
In conclusion then, the accuracy increases from 3.4% at level 2 to 1.6% at level 4.
The Exactness of K
Having checked the validity of our conjecture (2.5) for K 2 to within 1.6%, in this section we check if the K 1 action is a pure gauge transformation. As we have mentioned in the beginning of the last section, we can restrict the gauge parameters to odd levels only. Naïvely the first nontrivial test is to expand |Λ to only level 1 which has 1 free parameter. However, because to level 1 K 1 Ψ 0 has only 1 component, we would be lead to the trivial fitting of 1 parameter to 1 constraint. Therefore we must start with level 3, by which we mean that we expand Λ to level 3 and Ψ 0 to level 2 and thus K 1 Ψ 0 to level 3.
Fitting at Level 3
Up to level 3, we have four free parameters µ 1,1 and µ 3,i , i = 1, 2, 3 in the gauge parameter:
Once again the data of Ψ 0 to level 2 was given in (3. We perform the same procedure as in the previous section and minimize |K 1 |Ψ 0 − δ |Ψ 0 | to obtain the least-square fitting parameters:
Consequently, the measure of our fit is given by
Thus accuracy is achieved to within 3.6%, not so bad for this level.
Fitting at Level 5
To achieve greater accuracy, let us keep the string field up to level 5 and check (2.5). Its two sides K 1 |Ψ 0 and Q Ψ 0 Λ are both up to level 5, which in our notation is a vector of length 22, with 16 components at level 5 in addition to those in the previous subsection (indeed as remarked before, we need not include the even levels):
In the same vein, we can restrict the gauge parameters to odd levels only:
which has 14 parameters µ.
Once again, the gauge transformation and K 1 action on Ψ 0 can be found in the Appendix. And thus equipped, the left hand side of (3.6) gives Finally we minimize |K 1 |Ψ 0 − δ |Ψ 0 | and find the best-fit gauge parameters as: 
So the accuracy increases from 3.6% at level 3 to 1.5% at level 5.
Concluding Remarks and Open questions
Sen's second conjecture remains to be fully understood. A strong version of the conjecture states that the entire spectrum of the open string should disappear from the perturbatively stable vacuum Ψ 0 and hence the cohomology of Q Ψ 0 should be trivial. A reparameterization symmetry generated by K n in bosonic OSFT seems to be able to deform the tachyon vacuum whereby violating its uniqueness. In this paper we have given a strong evidence in favor of the second conjecture by explicitly showing that K n Ψ 0 is merely a pure gauge transformation and thus gives no new moduli to the tachyon vacuum. Using a level truncation scheme, we have demonstrated that K 1,2 are pure gauge up to level 5 (resp. level 4) to within an excellent accuracy of 1.5% (resp. 1.6%), and that all other K n are so by iteration.
Many open questions are of immediate interest for investigation; we list a few here.
• An immediate check one could perform, as a test to the validity of the level truncation procedure, is to see to what accuracy is K n Ψ 0 closed, i.e., though Q Ψ 0 K n Ψ 0 should be identically zero, level truncation spoils this and it would be interesting to check the numerics.
• As we mentioned before, we can generate new solutions by acting e ǫKn on a known solution.
We can apply this method to, for example, lump solutions ( [9] - [14] ) and see what will happen.
Indeed as is with Ψ 0 , it is unlikely that K n will annihilate the lump solution for all n, so we probably will obtain deformations of lumps. The question is then to see if these new solutions are gauge equivalent to known lump solutions or if they do generate inequivalent new physical states. If the answer is the latter, we would generate a part of the moduli space to which the lumps belong. One particularly interesting example would be the solution generated by e ǫK 1 . Because K 1 changes the level by one unit, by acting on the lumps we may obtain new solutions which correspond to marginal deformations.
• In this paper and in [50] only part of the cohomology of Q Ψ 0 is proven to be trivial. It will be very interesting to see if the entire cohomology is trivial. In other words, if we have an arbitrary deformation δΨ 0 around the tachyon vacuum Ψ 0 which is closed Q Ψ 0 δΨ 0 = 0, it must be exact, i.e., there exists a gauge parameter Λ such that Q Ψ 0 Λ = δΨ 0 . One particular set of interesting deformations is those without momentum dependence because they are related to the possible moduli space of translationally invariant solutions. When the solution is unique, from a physical point of view, we should expect those deformations to be in the trivial cohomology. Proving the triviality of zero-momentum cohomology should be readily tractable by level truncation.
• It is known that at the perturbative vacuum, K n is a good symmetry of the theory. Indeed, [K n , Q B ] = 0. However, in the tachyon vacuum Ψ 0 we have
which is not zero in general. This is in accord with [41, 42] , where the candidate BRST operators of the tachyon vacuum do not generally commute with the K n operators 4 . There may be a gauge in which the tachyon vacuumΨ 0 satisfies K nΨ0 = 0 for all n, but we think this is unlikely. However, a subalgebra of K n might be a symmetry of the tachyon vacuum.
Any conclusions on these questions would have implications for the SFT around the tachyon vacuum.
Note added
After the first version of this preprint was released, H. Hata sent us a formal proof that the K n Ψ 0 are pure gauge. We thank him for pointing this out to us and, with his permission, we reproduce his proof here: The proof uses the following three points:
(1) The K n can be expressed as an anticommutator:
(2) The B n obey a Leibnitz rule for the star-product:
(3) The equation of motion:
Using the above, we can express K n Ψ 0 in the following way:
showing that (2.5) holds, by taking Λ = B n Ψ 0 . 4 We thank B. Zwiebach for a discussion of this point. 
A. Appendix
In this Appendix we shall tabulate the details used in our calculations. In subsections A.1 and A.2
we present the basis of the fields for ghost numbers 0 and 1, In A.3, we present the action of K 1 and K 2 on the string field theory vacuum to level 4. Finally in subsections A.4 and A.5 we present the gauge transformations of the vacuum to level 5.
A.1 The Basis of Ghost Number 1 Fields
As Ψ 0 is ghost number 1, we here tabulate the basis of the ghost number 1 fields up to level 5, consisting of a total of 14 in even levels and 22 in odd levels. The numerical parameters η ℓ,i denote the expansion coefficient of the field Ψ at the i-th field at level ℓ. For the vacuum these parameters have been computed to great precision in [7] ; we use their results at level (4, 12) .
Level
Field Coefficient vev at level (4, 12) 0 
A.2 The Basis of Ghost Number 0 Fields
The gauge transformation parameter |Λ is of ghost number 0, thus we here present the basis for ghost number 0 fields. Analogous to the previous subsection, we use µ ℓ,i for ℓ = 1, .., 5, and i indexing within each level to denote the coefficient of the expansion of |Λ into the basis. A leastsquares fit was then performed in order to minimize the difference between the K action on the vacuum and the gauge transformation therefrom. Below, the columns Fit n refer to the solution of the parameters µ at the best-fit at level n.
Level Field
Coefficient Fit 2 Fit 3 Fit 4 Fit 5
1.07
0.0507
We act K 1 and K 2 on the vacuum Ψ 0 (only the action on nonzero components of Ψ 0 is kept):
A.4 Gauge Transformation of the Even Level String Field
Let us present the heuristics of the computation required in the gauge transformation δΨ :
The only non-trivial part is the computation of the ⋆-product. Since we are working under a level-truncation scheme, to compute B ⋆ C for string fields B and C, it suffices to find, level-by-level, the coefficients of the expansion of the star-product into the basis of each level, i.e.,
with ψ ℓ,i the i-th field basis at level ℓ and x ℓ,i the coefficients we wish to determine. Defining the orthonormal basisψ ℓ,i , so that
where ·, · is the BPZ inner product, we arrive at x ℓ,i = ψ ℓ,i , B ⋆ C , which simplifies by the definition A, B ⋆ C := A, B, C , to
For an example, let us determine the coefficient x in
in a normalization where |Ω , |Ω , |Ω = 3 in accordance with [7] . The computation of the 3-correlator we leave the reader to a vast literature [6, 7, 46, 48] . As another example, let us compute .
We point out further that a simplification is at hand due to the relation:
where g(X) and ℓ(X) are the ghost number and level of X respectively (we take g(|Ω ) = 1).
This simplification (A.1) is crucial to the observations in the second paragraph at the beginning of Section 3. We need to compute Φ ⋆ Λ − Λ ⋆ Φ, so we expand it into the basis A and the coefficients are
In our case, we have always that g(A) = 2, so we must have
otherwise the coefficient would be zero. We present below the gauge transformation on a string field. Here we consider the case that the string field has only even levels, so for the gauge transformation of even levels we have only even level gauge parameters while for the gauge transformation of odd levels we have only odd level gauge parameters. We divide the gauge transformation into two parts. The first part (δ (1) η ℓ,i ) is Q B Λ, which is exact at every level. The second part (δη ℓ,i ) is Ψ 0 ⋆ Λ − Λ ⋆ Ψ 0 ; it is approximate in the level truncation.
Q B Λ part: for even level and for odd level (only nonzero contributions are listed).
Here we show only δη 0,1 and δη 1,1 . For the complete results up to levels 4 and 5 for all η's, due to the enormity of the expressions, the reader is referred to the web-page http://pierre.mit.edu/˜yhe/gaugetransf.dvi. 
